The effects of the incubation period q on the dynamics of non-lethal infectious diseases in a fixed-size population are studied by means of a delay differential equation model. It is noted that the ratio between the quantity q and the time τ for recovering from the illness plays an important role in the onset of the epidemic breakthrough. An approximate analytic expression for the solution of the delay differential equation governing the dynamics of the system is proposed and a comparison is made with the classical SEIR model.
INTRODUCTION
The dynamics of infectious diseases in a closed population is a well known topic in the literature [1] [2] [3] [4] [5] . These models are commonly classified using the prefixes SIR and SEIR. In the first type of models susceptible (S), infectious (I) and recovered (R) individuals are considered; in the second, the exposed (E) class of individuals is also taken in account. By denoting as ,   
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where the dot represents derivative with respect to time and is the total number of individuals in a fixed-sized community and where the parameters are β and γ are the effective infection rate and the recovery rate, respectively. The above set of differential equations can be reduced to two by means of the definition of N given above. Here an exponential distribution of the recovery time is assumed, so that the quantity 1/γ corresponds to the average period which a single individual spends to recover from the illness. Adopting the above description of the time evolution of the number of individuals belonging to the three classes, one can see that an equilibrium point appears in the system if
In the classical SIR model 0 is the basic reproduction number, which accounts for the average number of successful contacts an infectious individual has with a susceptible one at the first appearance of the illness in the community.
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On the other hand, a SEIR model can be represented by the following set of equations [6]:
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where the exposed (E) class of individuals, whose number at time t is   t E , is added. In this way, assuming an exponential distribution of the quiescent period the inverse of the additional parameter ε represents the average quiescence time of the illness. Notice, finally, that the total number of individuals is now given by
 . We may notice the nonlinear prey-predator interaction in the first two terms of the above set of equations. The same mass action term is taken to represent the process of infection of the susceptible (S) and the infectious (I) class of individuals in the semi-continuous time delay model by Noviello-Romeo-De Luca (NRD) [7] . In the latter model only one non-linear delay differential equation (DDE) is needed, namely:
where   m t is the count of all illness histories up to time t, starting from t = 0, p is the effective statistical exchange parameter between classes S and I, 
In the present work we extend the NRD model to the case in which a constant quiescence time q is introduced. The effects on the dynamics of the two time-delays τ and q are studied and an approximate solution for the extended NRD model is proposed. A comparison between the classical SEIR model and the extended NRD model is also made.
THE EXTENDED NRD MODEL
A detailed treatment of the NRD model can be found in ref. [7] . Starting from a semi-continuous approach, it has been shown that a single globally continuous function can be adopted to describe the dynamics of all classes of individuals, namely S, I, and R. This model gives good qualitative agreement with existing data on influenza. The recovery time τ in the NRD model is seen to represent a natural time scale and appears as a constant delay time in the nonlinear differential Eq.3. Starting now from Eqs.4a-c, in the presence of the additional E-class, we can write:
This type of generalization is done by noticing that individuals who have been exposed at time   t q  get ill at time t, while those being infected at time   t   , recover at time t. The dynamical equation can thus be written as follows:
Therefore, in this extended model a second delay time naturally arises and the effective interaction between individuals belonging to the S and I class is modified because of a different expression for   I t in Eq.5c. Consider q < τ for simplicity, and assume that, at time -q, exactly 0 individuals are exposed to infective agents. Therefore, for t < 0, we have m   I t 0  , , and
In this way, we have
The above relation is needed in specifying the past history of the system, whose dynamics is described by the DDE in Eq.6.
We may notice that the extended NRD model can find application for all those maladies whose characteristics call for well-defined incubation and recovery periods for all individuals in the community. We shall therefore see in details, in the following sections, all peculiar features of the model. We finally notice that the NRD model can be simply obtained from the extended NRD model in the limit q = 0.
CHARACTERISTIC FEATURES OF THE MODEL
We have seen, in the preceding section, that the NRD model and its extended version rely upon a single timedelay differential equation, namely, Eq.6. When expressing this equation in terms of the rescaled time
and of fractional quantities
, by defining r q   , we may write:
By defining p pN  , we notice that the above differential equation can be described in terms of the normalized variable   x t of the count of individuals who got ill from the beginning of the epidemic onset, by considering the delay ratio r, the initial value of infectious individuals m 0 and as the constant parameters of the scalar model in Eq.9. Notice that the quantity , by definition, plays the same role as the basic reproduction number R 0 in the classical SIR and SEIR models.
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In the present work we would like to study the effect of the introduction of the delay ratio r in the DDE (9). At first let us then consider the time dependence of the percentage of infectious individuals obtained by fixing the values of m 0 and . In Figures 1(a), (b) , therefore, we show the numerical solution to Eq.9 for guide to the eye. Therefore, one might argue that increasing incubation periods give a minor spread of the disease among the global population. In Figures 3(a), (b) we report the time dependence of the fraction
of infected individuals for the same values of parameters as in Figures 1(a), (b) . The characteristic hump of these curves gets lower and shifts to the right for increasing values of r. In Figures 4(a), (b) the onset of the epidemic outbreak can be detected in the curves of the fraction as a function of . In this way, after obvious simplifications, we have:
where
We thus obtain, by this approximate relation, further evidence that the threshold of the infectiveness parameter increases as r increases as described by the numerical results shown in Figure 5 . We can now make a comparison between the dynamics obtained in the extended NRD model and the classical SEIR model. We have already specified that the quantity plays the same role as the basic reproduction number R 0 in the SIR and SEIR models, Eq.12 giving an approximate evaluation of the threshold infectiveness parameter value for the extended NRD model. In the classical SEIR model, on the other hand, the inverse rates This comparison is very instructive, since it gives a hint on the type of approximation one can make to describe the behaviour of the solution in the asymptotic region, as it has already been done in writing Eq.10.      
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